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1 Introduction 

Let Q be the upper half plane {{x,y) G M^, x > 0, ?/ G M}. Define the Laplacian on Q to be 
Ae) = + {1 + x)dy, together with Dirichlet boundary conditions on dfl: one may easily 
see that with the metric inherited from A^, is a strictly convex domain. We shall prove 
that, in such a domain Q, Strichartz estimates for the wave equation suffer losses when 
compared to the usual case = M^, at least for a subset of the usual range of indices. Our 
construction is microlocal in nature; in [7j we prove that the same result holds true for 
any regular domain Q C M.'^, d = 2,3,4, provided there exists a point in T*dQ where the 
boundary is microlocally strictly convex. 

Definition 1.1. Let g,r > 2, (g,r, a) 7^ (2, oo,l). A pair (g, r) is called a-admissible if 

1 a a , , 

- + -<7T, 1-1 
q r 2 

and sharp a-admissible whenever equality holds in (11.11) . For a given dimension d, a pair 
{q,r) will be wave- admissible if d > 2 and {q,r) is ^^-admissible; it will be Schrddinger- 
admissihle ii d > 1 and (g, r) is sharp ^-admissible. Finally, notice that the endpoint 
(2, -^Zi) is sharp ct-admissible when a > 1. 

When a = 1 the endpoint pairs are inadmissible and the endpoint estimates for wave 
equation {d = 3) and Schrodinger equation {d = 2) are known to fail: one obtains a 
logarithmic loss of derivatives which gives Strichartz estimates with e losses. 

Our main result reads as follows: 

Theorem 1.2. Let [q, r) be a sharp wave-admissible pair in dimension d = 2 with 4 < r < 
00. There exist ipj G C^(R) and for every small e > there exist q > and sequences 
Vhj^e £ C°°{Q), j = 0, 1 with ipj{hDy)Vhj^e = (meaning that Vhj^e df^G localized at 
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frequency 1/h), such that the solution Vh^e to the wave equation with Dirichlet boundary 
conditions 

{dt - AD)Vh,e = 0, Vh,e\[0,l]xdn = 0, Vh,e\t=0 = Vhfl,e, dtVh,e\t=0 = Vh,l,e (1-2) 

satisfies 

sup (II ell -a^l-ii Or + l|V/,if|| .9rl„ii 9,1 ) < 1 (1-3) 

and 

lim \\Vh,e\\Lj{[o,i]Mm = oo- (1-4) 

Moreover V^^e has compact support for x in (0, h^] and is well localized at spatial frequency 
1/h; hence, the left hand side in (11.31) is equivalent to 




Remark 1.3. In this paper we are rather interested in negative results: Theorem 11.21 shows 
that for r > 4 losses of derivatives are unavoidable for Strichartz estimates, and more 
specifically a regularity loss of at least — I) occurs when compared to the free case. 

Remark 1.4. The key feature of the domain leading to the counterexample is the strict- 
convexity of the boundary, i.e. the presence of gliding rays, or highly- multiply reflected 
geodesies. The particular manifold studied in this paper is one for which the eigenmodes 
are explicitly in terms of Airy's functions and the phases for the oscillatory integrals to be 
evaluated have precise form. In a forthcoming work [7] we construct examples for general 
manifolds with a gliding ray, but the heart of the matter is well illustrated by this particular 
example which generalizes using Melrose's equivalence of glancing hypersurfaces theorem. 

We now recall known results in M'^. Let denote the Laplace operator in the flat 
space M'^. Strichartz estimates read as follows (see [TO]): 

Proposition 1.5. Let d > 2, {q,r) be wave- admissible and consider u, solution to the wave 
equation 

{d^ - Aa)u{t, x) = 0, (t, x) G M X u\t=o = dtu\t=o = Ui (1.5) 

for uq,Ui G C°°(M'^); then there is a constant C such that 

\\u\\L^i^,Lri^<i)) < C{\\u4 + llnill ^,(i_i,_i_,^^^^). (1.6) 

Proposition 1.6. Let d>l, {q,r) be Schro dinger- admissible pair and u, solution to the 
Schrddinger equation 

{idt + Ad)u{t,x) = 0, (t, a;) G M X M'^, u\t=o = uq, (1.7) 

for Uq G C°°(]R'^); then there is a constant C such that 

ll'"llL?(IR,L'-(Rd)) < ClkolUaCRd)- (1-8) 
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Strichartz estimates in the context of the wave and Schrodinger equations have a long 
history, beginning with Strichartz pioneering work [T7], where he proved the particular 
case q = r for the wave and (classical) Schrodinger equations. This was later generalized 
to mixed LfLl. norms by Ginibre and Velo [1] for Schrodinger equations, where (g, r) is 
sharp admissible and q > 2; the wave estimates were obtained independently by Ginibre- 
Velo [5] and Lindblad-Sogge [12], following earlier work by Kapitanski [8]. The remaining 
endpoints for both equations were finally settled by Keel and Tao [10]. 

For a manifold with smooth, strictly geodesically concave boundary, the Melrose and 
Taylor parametrix yields the Strichartz estimates for the wave equation with Dirichlet 
boundary condition (not including the endpoints) as shown in the paper of Smith and 
Sogge [15]. If the concavity assumption is removed, however, the presence of multiply 
reflecting geodesic and their limits, gliding rays, prevent the construction of a similar 
parametrix! 

In [5], Koch, Smith and Tataru obtained "log-loss" estimates for the spectral clusters on 
compact manifolds without boundary. Recently, Burq, Lebeau and Planchon [2] established 
Strichartz type inequalities on a manifold with boundary using the L^{Q) estimates for the 
spectral projectors obtained by Smith and Sogge [16]. The range of indices (g, r) that 
can be obtained in this manner, however, is restricted by the allowed range of r in the 
squarefunction estimate for the wave equation, which control the norm of u in the space 
L^{Q, L'^{—T,T)), T > (see [IS])- In dimension 3, for example, this restricts the indices 
to g, r > 5. The work of Blair, Smith and Sogge [T] expands the range of indices q and r 
obtained in [2]: specifically, they show that if f2 is a compact manifold with boundary and 
{q,r,P) is a triple satisfying 



together with the restriction 



then the Strichartz estimates (12. 4p hold true for solutions u to the wave equation (ll.2p 
satisfying Dirichlet or Neumann homogeneous boundary conditions, with a constant C 
depending on Q and T. 

Remark 1.7. Notice that Theorem II. 21 states for instance that the scale- invariant Strichartz 
estimates fail for ^ + ^ > i|, whereas the result of Blair, Smith and Sogge states that such 
estimates hold if | + ^ < |. Of course, the counterexample places a lower bound on the loss 
for such indices (g, r), and the work [1] would place some upper bounds, but this concise 
statement shows one explicit gap in our knowledge that remains to be filled. 

A very interesting and natural question would be to determine the sharp range of 
exponents for the Strichartz estimates in any dimension d > 2\ 

A classical way to prove Strichartz inequalities is to use dispersive estimates (see (12.51) ). 
The fact that weakened dispersive estimates can still imply optimal (and scale invariant) 
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Strichartz estimates for the solution of the wave equation was first noticed by Lebeau: 
in [11] he proved dispersive estimates with losses (which turned out to be optimal) for 
the wave equation inside a strictly convex domain from which he deduced Strichartz type 
estimates without losses but for indices (g, r) satisfying (11.11) with a = | in dimension 2. 

A natural strategy for proving Theorem 11.21 would be to use the Rayleigh whispering 
gallery modes which accumulate their energy near the boundary, contributing to large L'' 
norms. Applying the semi-classical Schrodinger evolution shows that a loss of |(| — 7) 
derivatives is necessary for the Strichartz estimates. However, when dealing with the wave 
operator this strategy fails as the gallery modes satisfy the Strichartz estimates of the free 
space: 

Theorem 1.8. Let d>2 and let Ad^i denote the Laplace operator in M.'^^^. Let 

AD = dl + {l + x)Ad-u where Arf_i = ^9j. (1.9) 

Let ip G C^(]R'^~^ \ {0}), k > 1 and Uq G Ek{^), where Ek{^) is to be later defined by 
(EIOD. 

1. Let {q,r) be a Schrddinger-admissible pair in dimension d with q > 2 and consider 
the semi-classical Schrodinger equation with Dirichlet boundary condition 

{^dt - h^AD)u = 0, u\an = 0, u\t=o = ^lj{hDy)uo. (1-10) 
Then u satisfies the following Strichartz estimates with a loss, 

Moreover, the bounds (II. lip are optimal. 

2. Let (g, r) be a wave-admissible pair in dimension d with q > 2 and consider the wave 
equation with Dirichlet boundary conditions 

{dl - Ad)u = 0, u\sn = 0, u\t=o = tp{hDy)uo, dtu\t=o = 0. (1.12) 

Then the solution u of (11.121) satisfies 

\\u\\Ll([0,To],L-^(n) < /i^'^^^-r)+q ||y|^^Q||^2(Q). (1.13) 

Remark 1.9. We prove Theorem 11.81 for the model case of the half-space 

= {x > 0, ye W^-^} 

where the Laplacian was defined by (11.91) . It is very likely that, using the parametrix 
introduced by Eskin [3], we could obtain the same result for general operators. 
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Notice that if the initial data mq belongs to Ek{Q) for some k > 1 then the solution 
u{t,x,y) to (11.101) localized in frequency at the level l//i is given by 



of —^D,r] = —d1 + (1 + x)rf' corresponding to the eigenvalue A^. 

Theorem 11.81 shows that the method we used for the Schrodinger equation cannot yield 
Theorem 11.21 We will proceed in a different manner, using co-normal waves with multiply 
reflected cusps at the boundary (see Figured]). 

The paper is organized as follows: in Section [2] we will use gallery modes in order to 
prove Theorem II. 8| in Section [3] we prove Theorem 11.21 Finally, the Appendix collects 
several useful results. 
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2 Whispering gallery modes 
2.1 Strichartz inequalities 

Let n > 2, < To < oo, ^(0 e C^{W \ {0}) and let G : M" M be a smooth function 
G G C°° near the support of ip. Let Uq G L^(M") and h G (0, 1] and consider the following 
semi-classical problem 




therefor 




ihdtu — G{—D)u = 0, u\t=o = ip{hD)uQ. 



(2.1) 



I 



If we denote by e 'i*^ the linear flow, the solution of (12.11) writes 



e-''^^i^{hD)u,{x) = I e^«^'«>"*^(«))v;(0^"o(|)rfe 



(2.2) 



Let g G (2, oo], r G [2, oo] and set 



- = «(---), p={n-a){---) 



(2.3) 
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Remark 2.1. Notice that the pair {q,r) is Schrodinger-admissible in dimension n if a = ^ 
and wave admissible if a = 

With the notations in (12. 3p the Strichartz inequahties for (12. ip read as follows 

h^\\e~'^'^ip{hD)uo\\Li{{o,To],L-{R'^)) < C\\ilj{hD)uo\\L^Rny (2.4) 
The classical way to prove (12.41) is to use dispersive inequalities which read as follows 

||e"^*^V(^^)%l|L->(R") < (2vr/i)""7„,?,(^)||^(/iD)Mo||Li(Mn) (2.5) 
for t G [0, To], where we set 

7n,h(A) = sup I / e^^(^«-«(«))^(Ocie|. (2.6) 
In Section 16.11 of the Appendix we prove the following: 

Lemma 2.2. Let a > and [q, r) be an a-admissihle pair in dimension n with q > 2. Let (3 
he given by (12. 3p . If the solution e~^'^{tp{hD)uQ) of (12. ip satisfies the dispersive estimates 
(12. 5p for some function '~fn,h '■ then there exists some C > independent of h 

such that the following inequality holds 

h'^\\e"^'^ilj{hD)uo\\Li{{o.Ta].L-(R")) < C[ sup s°7„,h(s)) j " |I^o||l2{R"). (2.7) 
2.2 Gallery modes 

Let Q = {{x,y) G Mf^lx > 0,y E R"'^"'^} denote the half-space with the Laplacian given 
by (ll.gp with Dirichlet boundary condition on dQ. Taking the Fourier transform in the 
y- variable gives 

-An,, = -dl + {l + xM'. (2.8) 

For rj 0, —Ad^^i is a self-adjoint, positive operator on L^(M_|_) with compact resolvent. 
Indeed, the potential V{x,ri) = (1 + x)?7^ is bounded from below, it is continuous and 
lima;^oo Vix, rf) = oo. Thus one can consider the form associated to —d^ + V{x, rj), 

Q{u) = I \d^v\^+V{x,7])\v\^dx, D{Q) = H^{R+)n{v G L\R+), {l+xy/% G L\R+))}, 

Jx>0 

which is clearly symmetric, closed and bounded from below. If c ^ 1 is chosen such that 
— Ax)^^ -|- c is invertible, then (— A/) ,^ + c)~^ sends L^(R+) in D{Q) and we deduce that 
(—A£),ri + c)~^ is also a (self-adjoint) compact operator. The last assertion follows from 
the compact inclusion 

D{Q) = {v\d^^v,{l+xy^\j G L\R+),v{0) = 0} ^ L\R+). 
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We deduce that there exists a base of eigenf unctions Vk of — A/j^^ associated to a sequence 
of eigenvalues Xk{f]) ~* ^o. From — A/j^^i; = \v we obtain d^v = {rf — \ + xrf)v, t>(0, 77) = 
and after a change of variables we find the eigenfunctions 

2 

Vk{x,7]) = Ai{\r]\Tix - Uk), (2.9) 



where {—0Jk)k are the zeros of Airy's function in decreasing order. The corresponding 
eigenvalues are Afc(?7) = jr^p + a;fc|?7|3. 

Definition 2.3. For x > let -Efc(fi) be the closure in L^(fi) of 



{u{x,y) = j^^^ j e^y^Ai{\r^\^x-Uk)mdr^,^eS{W'~')}, (2.10) 

where (S(M'^~^) is the Schwartz space of rapidly decreasing functions, 

SiW'-^) = {fe C°°(M^-i)|||^"D'3/|Uo.(M.-i) < 00 Va,/3 e N'^^^}. 

For k fixed, a function u G Ek{^l) is called whispering gallery mode. Moreover, a function 
n G Ek{^l) satisfies 

(92 + xArf„i -a;fc|Arf_i|i)M = 0. (2.11) 
Remark 2.4. We have the decomposition 

L2(l]) = 0Efe(fi). 

± 

Indeed, from the discussion above one can easily see that {Ek{0,))k are closed, orthogonal 
and that UkEk{^l) is a total family (i.e. that the vector space spanned by UkEk{^l) is dense 
in L\n)). 

In Section 16.31 of the Appendix we prove the following: 

Lemma 2.5. Let ip, ipi, ?/'2 ^ C^{M.'^~^ \ {0}) be such that ipiip = ipi and 'ipilj2 = ip and 
let (p G C°°(]R^~^). Fix k > 1 and let u G Ek{^l) be the function associated to ip in Ek{^l). 
For r G [1, cxd] there exist Ci, C2 > such that 

2 

Ci\\iJi{hDy)(p\\Lr(^^d-i^ < h~3^\\ilj{hDy)u\\Lr^^^^^d^i) < C2\\^p2{hDy)ip\\Lr{ud-iy (2.12) 
As a consequence of Lemma 12.51 we have 
Corollary 2.6. Let (po ^ 5(]R''"^), k>l and uq G Ek{^) be such that 

Mx,y) = ,^ w_i / e'y'^Ai{\r,\ix-uJk)^o{ri)dr]. (2.13) 



(27r; 

In order to prove Theorem \1.8i we shall reduce the problem to the study of Strichartz type es- 
timates for a problem with initial data (po- More precisely, from Lemma \KR we immediately 
deduce the following 
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1. if u solves (11.101) with initial data ip{hDy)uo, where uq is given by (12.131) then in 
order to prove that one can't do better than (11.111) it is enough to establish that the 
solution ip to 

h 2 

-9j</?-/i2(Ad_i-cjfc|Arf_i| 3)^ = 0, ip\t=Q = ^{hDy)^Q. (2.14) 
satisfies the following Strichartz type estimates 

\MLi([0,To],LriRd-i)) < ch~^^^~r)\\i/j(hDy)(po\\L2(^Kd-iy (2.15) 

2. ifu solves (I1.12p with initial data {ip{hDy)uo, 0) then in order to show that the gallery 
modes give rise to the same Strichartz estimates as in the free case it is sufficient to 
prove that the solution to 

df(f-{Ad^i-uJk\Ad^i\^)ip = 0, ip\t=o = ip{hDy)ifo, dt(f\t=o = (2.16) 

satisfies 

\\^\\Li{[0,To],Lr(Rl-i)) < ch~'^2-e)(2-r)\\^l;(hDy)ipo\\L2(^j^d-iy (2.17) 

Remark 2.7. Notice that for g > g > 2 and / G C°°{[0,T]) we have 

Li{[0,T]) < ||/||l9{[0,T]), 



thus in order to prove Theorem 11.81 it suffices to prove (I2.15p (respective (12.171) ) with q 
replaced by some q > q. 

2.3 Proof of Theorem [TTSl 

Let ipo G iS(M'^~^), k > 1, u = Uk > and Uq G Ek{^l) be such that 

Mx,y) = -^^^ j e'''^AtiMlx-u;k)Mv)dv- (2.18) 

1. Schrodinger equation 

Let q be given by 



1 (rf-l)4 1, 



(2.19) 



q 2 ^2 r' 

Let Gs{rj) = \rj\'^ + Luh^rjl^ . Using Corollary 12.61 and Remark 12.71 we are reduced 
to prove (12.151) . with q replaced by q, i.e. in order to prove Theorem 11.81 for the 
Schrodinger operator it will be enough to establish 



|e ''^'^^(?/'(/iL'j,)^o)||l9([o,t],l-{R'^-i)) < c/i '"^'^^^ l^\\ilj{hDy)ipo\\L2(Rd-iy (2.20) 
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where 
Let uj = ujk and set 

J(2, := j e'^«^'^>-^=(^)V(^)f^^- (2.21) 

Recall that ^ supp(?/'), thus the phase function is smooth everywhere on the support 
of ip. With the notations in fl2.6p we have to determine 7d-i,/i(|;) = sup^gj^d-i | J(-2, |-)|. 
Note that if is bounded we get immediately that \J{z, |)| is bounded, thus we can 
consider the quotient to be large. Let A = | ^ 1 and apply the stationary phase 
method. There is one critical point 

, , 4,27? 

\v\ ^ 

2 

non-degenerate since G'!.{r]) = 21 d + 0{h'^) for rj away from and h small enough, 
and we can also write r] = ri{z). We obtain 

J{z, X)^(^) e'^^^^'^^^^^ajz, A), (2.22) 



where 



$(z,r/) =< z,r]> -Gsiv), '^{z,r]{z)) = \r]{z)\^ + '^hllijiz)]! , 
a{z; A) ~ ^ A~Vfc(2;), ^0(2) = ip{v{z)). 



k>0 



From the definition (12. 6p we deduce that we have 7^-1, /i(A) ^ A"'^^. Consequently, 
for A = I ^ 1 there exists some constant C > such that the following dispersive 
estimate holds 

||e-^^^^(/iD,)^o||L-(iR^-i) < C/i-("-i)(i^)-'^||V^(/iD,)¥.o||Li(R^-i)- (2.23) 
Interpolation between (12.23^ and the energy estimate gives 

||e-^^^7/.(/iD,)y.o||L5(R'^-i) < C/i-^(i-^)|t|-^(^-^)||^(/iD,)v.o|Lj'(M.-i). (2.24) 
Let q' be such that 4 + ^7 = 1 and let T be the operator 

T : L2(M^-1) ^ L%[0,To\,Ll{R'^^')) 
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which to a given ipo G L\R'^~^) associates e-'i^^i){hDy)^Q G L«'([0, Tq], L;;(M'^-1)). 
Then inequahty (12.241) imphes that for every g G L'?'([0,To],L;;'(M'^-1)) we have 

ll^^*^IU9(0,To]LS = II / e ^^'^'(/'*^(s)c?s||i5((o,To],Lp < (2.25) 
^0 



< C/z-^(^-^)|| r It - st'^^'~'^\g{s)\\,,ds 



If g > 2 the apphcation \t\ "j* : L"^ — > L'' is bounded by the Hardy-Littlewood- 
Sobolev theorem and we deduce that the L«'((0, To], L^(M'^^i)) norm of the operator 



TT* is bounded from above by /i ^ 2 '(^ 1) ^ thus the norm \T\ip.^L<i({Si,Ta\,L\i{:«i--^)) is 
bounded from above by 

• Optimality: 

Let r/o G M'^"^ \ {0} and for y G M"*^^ set 

¥'o,h(l/,r/o) = /i-^'-')/'e'^^, $o(y,r/o)=<y,r/o>+^ (2.26) 
that satisfies 

Proposition 2.8. Let Tq > be small enough and let t G [— To,To]. Then the 
(local, holomorphic) solution (fhit,y,r]Q) of (12.141) with initial data (po,h{yiVo) 
has the form 

where the phase function $(t,?/,?7o) satisfies the eikonal equation (12.271) lo- 
cally in time t and for y in a neighborhood of 0, and where a(t,y,rio, h) ~ 
J2k>o^'''^k{t,y,r]Q) is a classical analytic symbol (see Chps.1,9; Thm.9.1] 
for~ihe definition and for a complete proof). 

Proof. For t G [— To,To] small enough we can construct approximatively 

^hit.y.rjo) = exp{-i^Gs)(po,h{y^Vo) 

to be the local solution to (12.141) with initial data ipQh{y,riQ). In order to solve 
explicitly (I2.14p we use geometric optic's arguments: let first $(t,?/, 770) be the 
(local) solution to the eikonal equation 

ai$ + |v,<i>|2 + c^|v,$|^/3 = o, 
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The associated complex Lagrangian manifold is given by 

A$ = {{t,y,T,7])\T = dt^,r] = Vy^}. 



Let q{t, y, r, 77) = r+|?7p+ci;|?7|'^/'^ and let Hg denote the Hamilton field associated 
to q. Then A$ is generated by the integral curves of Hg which satisfy 

i ii,y,r,r]) = {l,Vr^q, 0,0), , . 

\ (t,2/,r,r/)|o= (0,^/o,-|V,$op-^|V,<^)o|^/^V,<l>o = r/o + ^yo)• ^ ' ^ 
We parametrize them by t and write the solution 

{yit, yo, ?7o), vit, yo, Vo)) = exp {tHg{yo, rjo)). 

The intersection 



is empty unless yo = 0, since it is so at t = and since dexpitHg) preserves 
the positivity of the C-Lagrangian A$ (see Definition 16.11 of the Appendix and 
Lemma [6.41) . Thus on the bicharacteristic starting from yo = the imaginary 
part of the phase 0, 770), r/o) vanishes. Moreover, the following holds: 

Proposition 2.9. The phase $ satisfies, fory in a neighborhood ofO, 



where the phase $(t, y{t, 0, ?7o); ^70) o.iT'd its derivative rjit, 0, rjo) with respect to the 
y variable are real and the imaginary part of B{t,y,riQ) G Aid-i{C) is positive 
definite. 

Proof. Indeed, the initial function $0 is complex valued with Hessian ImV^^o 
positive definite. Then it follows from [6l Prop. 21. 5. 9] that the complexified 
tangent plane of A^^ is a strictly positive Lagrangian plane (see [6l Def.21.5.5]). 
The tangent plane at {y{t, 0, rjo), rjit, 0, ?7o)) is the image of the complexified tan- 
gent plane of Af^ at (yo = 0, ?7o) under the complexification of a real symplectic 
map, hence strictly positive. More details for these arguments are given in 
Section 16.21 of the Appendix. □ 

We look now for iph{t,y,r]Q) of the form h~'-^^~^'^^^eT^'^^^''^'^'^^a{t,y,rio, h) where 
cr = ^ h^ak must be an analytic classical symbol. Substitution in fl2.14p yields 
the following system of transport equations 




{exp tHgiyo, Vo)\t G M} n T*R'' \ {0} 



$(t, y, r/o) = $(t, y{t, 0, r]o),r]o) + {y - y{t, 0, r]o))r]{t, 0, r/o) 
+ {y - yit,0,rio))B{t,y,r]o){y - y(t,0,?7o)). 



Lao = 0, o-o|t=o = 1, 

LcTi + /i(cTo) = 0, ai\t=o = 0, 



< 



LcTk + fkio-o, .■,crk-i) = 0, crfc|t=o = 0, 



v 
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where L = ^+Xlj=i 9^(z/> Vj/$)+s(?/, r]o) with s{y, t]o) analytic and fk{(To, .., crfc-i) 
a hnear expression with analytic coefficients of derivatives of ao,--, cTk-i- It is 
clear that we can solve this system for y in some complex domain O, inde- 
pendently of k] in [m Chps. 9,10] it is shown that in this way a becomes an 
analytic symbol there. □ 

Let us define a^,{t, y, r]o) = ak{t, y, r]o) for (t, y) G (-Tq, Tq) x O and ^^(t, y, rjo) = 
otherwise and let g^(t,y,riQ, h) := ^fc>o ^'^^^^(t, ?7o). Set also 

^,{t, y, r/o) = /i-('^-i)/^ei*(*'^'^«)a(t, y, h), 

thus (f^ solves (12.141) for t G [—Tq,Tq] and y G W^"^ and we can compute the 
L^(R'^~^) norm of </2^(t, y, r/o) globally in 

•,^0)||l'-(R<'-1) = 

and consequently for Tq small enough we have 

and we conclude using Corollary 12. 6[ 

2. Wave equation Let (g, r) be a sharp wave-admissible pair in dimension d > 2, 
q > 2, and let q be given by fl2.19p . Using Corollary 12.61 and Remark 12.71 and since 
g > g, we are reduced to prove (I2.17P with q replace by q, i.e. 



\e''hG-^{ij{hDy)ipo)\\Lmo,To],Lr{R'i-^)) < h (2 6)(| ^)||^(/lL)j^)^o|U2{R<^-i), 



where Gwirf) = \j |?7P + tu/is |?^| 3 and 



{2TxhY-^ J ^yu^.K^ 
In order to obtain dispersive estimates we need the following 
Proposition 2.10. Let A = |; and set as before 

J{z,X):= /e^^(^''-^»(^)V(^)c^^, ld-i,hiX)= sup \Jiz,X)\. (2.29) 
Then the function ■jd-i,h satisfies 
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We postpone the proof of Proposition 12.101 for the end of this section and proceed. 

End of the proof of Theorem \1.8[ 

From (12. 5p the dispersive estimates read as follows 

Lemma 12.21 can be applied at this point of the proof for the wave-admissible pair 
in dimension d — 1, {q,r), in order to obtain 

\\e-'^^-^{hDy)ipo\\L2^LHo,To],Lr(R'i-i) < (2.31) 
We conclude using again Corollary 12. 6[ It remains to prove Proposition 12.101 

Proof, of Proposition \2.11A 

As before, the case of most interest in the study of sup^gigd-i \J{z, A)| will be the one 
for which A ^ 1, since when ^ remains bounded good estimates are found imme- 
diately. We shall thus concentrate on the case A ^ 1 and we apply the stationary 
phase lemma. Notice that on the support of the phase function of J is smooth. 
On the other hand, since rj stays away from a neighborhood of 0, the critical point 
of J{z, A) satisfies 

\m 

In order to estimate |</(;z, A)| it will be thus enough to localize in a neighborhood 
of 1 2; I = 1. We shall assume without loss of generality that ip is radial and set 
'^/'(l?]!) = il){ri) in which case J(.,A) depends also only on \z\ and it is enough to 
estimate 

J{\z\eu\) = r [ e'''^\'\p''-^p'+^'''"p'^'^{p)p''-Hedp, (2.32) 

where Ci = (1,0,..,0) G M'^"^ and S"^"^ is the unit sphere in W^~^. The derivative 
with respect to n gives \z\9i = , ^ ~ 1 and making integrations by parts 

with respect to p one sees that the contribution in the integral in r] in f l2.29p is 
0(A~°°) if l^l <^ 1. Consequently, one may assume > c > 0. As a consequence 
61 can be taken close to 1, and since on the sphere S*^"^ one has 61 = ±a/1 — d''^, 
9 = {61,6') G M'^^^, we can introduce a cutoff function h{6') supported near such 
that the right hand side in (12.321) writes, modulo 0{{\\z\)~'^) 

y2 r [ e'^''^P\'\^^'-^p'+^^'''p'''W)i^{p)p''~^de'dp. 
I io Je> 
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The term corresponding to the critical point —1 gives a contribution 0(A^°°) in the 
integral with respect to p by non-stationary phase theorem. Using the stationary 
phase theorem for the integral in 6' we find 



J(|z|ei,A)~ / e'^(l"l^-V'''+"^'^''''^')^(p)(T+(A|z|p)dp + 0(A-°°), 
Jo 

where ct_|_ is a symbol of order —{d—2)/2. In order to estimate this term we write 
its phase function as follows 

Vp2+^/^2/3p4/3 = (1^1 _ l)p- (v/p2 + Cj/l2/3p4/3 _p) 

and set |2;| — 1 = h^/^x. Hence J(|2;|ei, A) can be estimated by 

/•oo j^(px , "p'^"^ ) ^ 

J((l + /i2/^x)ei,A) ~ / e ^+Vi+-''''"'''^' V;(p)(T+(Ap(l + /i2/2x))cip. (2.33) 

Jo 

We distinguish two cases, weather \ <^ \ = t/h < h^"^/^ oi \ <^ p = Xh'^^^ = h~^^^t. 

• In the first case p ^ 1 and formula (12.331) give us bounds from above for 
sup^ \J{z, A) I of the form A"^*^"^-*/^ (recall that for \z\ away from a /i^/'^-neighborhood 
of 1 the problem was trivial by non-stationary lemma). 

• If 1 <^ p = h^^^^t and x 7^ we apply the stationary phase lemma in dimension 
one with phase $(p) = px — fp^^'^ which is smooth since p 7^ and has one 
critical, non-degenerate ($"(p) = %P~^^^ 7^ 0) point satisfying 

p = (6x/cj)-3/2. 

For values of x for which {Qx/uj)~'^^'^ belongs to the support of we find 

J((l + /i2/3a;)ei. A) ^ C(x)A-'^p-5 + 0{\-^ p.-""^) (2.34) 

^ C{x)\-"-^h--^ + 0(A-^p-3/2), 

with C(x) bounded and consequently we can determine 7^-1, h defined by ( 12. 6p 
where n = d — 1 and G = Gi„. We find 

thus the proof is complete. 

□ 
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3 Conormal waves with cusp in dimension d = 2 

In what follows let < e <^ 1 be small. We shall construct a sequence Wh^e oi approximate 
solutions of the wave equation 

{d^ -An)V{t,x,y) = for {t,x,y) eRxR\ V^|[o,i]x9n = 0, (3.1) 

which contradicts the Strichartz estimates of the free space (see Proposition [T3]). Using the 
approximate solutions Wh^e we shall conclude Theorem 11.21 by showing that one can find 
(exact) solutions Vh^e of (13.11) which provide losses of derivatives for the L'^{[0,1], L^{fl)) 
norms of at least |(| — ^) — e for r > 4 when compared to the free space, {q,r) being a 
wave-admissible pair in dimension 2. 



3.1 Motivation for the choice of the approximate solution 

Let the wave operator be given by □ = df — — {1 + x)dy and let p{t,x,y,T,^,rj) = 
+ (1 + x)'r]'^ — denote its (homogeneous) symbol. The characteristic set of □ is the 
closed conic set {(t,x,y,T,^,ri)\p(t,x,y,T,^,ri) = 0}, denoted Char(p). We define the 
semi-classical wave front set WFh{u) of a distribution u on M.^ to be the complement of 
the set of points (p = (t, x,y)X = (t, ^, v)) G x (M^ \ 0) for which there exists a symbol 
a{p, G iS(]R^) such that a{p, C) 7^ and for all integers m > the following holds 

\\a{p, hDp)u\\L2 < CmK^- 

Let p = p{cr), C = ((a) be a bicharacteristic of p{p, (), i.e. such that (p, () satisfies 

^WOU(0))^0. (3.) 

Assume that the interior of Q is given by the inequality 7(p) > 0, in this case 7(p = 
(t,x,y)) = X. Then p = p(cr), C = C(^) is tangential to M x dQ if 

7(P(0)) = 0, ^7(P(0)) = 0. (3.3) 

We say that a point (p, Q on the boundary is a gliding point if it is a tangential point and 
if in addition ^ 

^7(P(0)) < 0. (3.4) 

This is equivalent (see for example [3]) to saying that (p, Q G T*(]R x dQ) \ is a gliding 
point if 

p(p,C) = 0, {p,7}|(,,^) = 0, {{p,7},p}|(M)>0, (3.5) 

where {., .} denotes the Poisson braket. We say that a point (p, C) is hyperbolic if x = 
and > v"^, so that there are two distinct nonzero real solutions ^ to + {l+x)ri'^ — t^ = 0. 
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Consider an approximate solution for (13. ip of the form 

J e*(^''+*"+("+'-^^^+^)^(t,e/r/,r,/i)*(r/)/r/c/ef^r/rfr (3.6) 

where the symbol g is a. smooth function independent of x, y and where \1/ G C^(M*) is 
supported for 77 in a small neighborhood of 1, < "^{rj) < 1, "^{rj) = 1 for 77 near 1. This 
choice is motivated by the following: if v(t, x, y) satisfies {d"^ — (9^ — (1 + x)dy)v = 0, then 
taking the Fourier transform in time t and space y we get d'^v = ((1 + x)?7^ — t'^)v, thus v 
can be expressed using Airy's function (given in Section 16. 3p and its derivative. After the 
change of variables ^ = rjs, the Lagrangian manifold associated to the phase function $ of 
(13. 6p will be given by 

A$ = {(t, x,y,T = dt^, e = '9.$ = vs,v = dy<^)\ds<^ = 0, 9^$ = 0} C \ 0. (3.7) 

Let TT : A$ — > be the natural projection and let S denote the set of its singular points. 
The points where the Jacobian of dir vanishes lie over the caustic set, thus the fold set is 
given by S = {s = 0} and the caustic is defined by vr(E) = {x + (1 — ^) = 0}. 

If on the boundary we are localized away from the caustic set vr(S), A$|^^q is the 
graph of a pair of canonical transformations, the billiard ball maps 5^. Roughly speaking, 
the billiard ball maps 6^ : T*(M x d^l) ^ T*(M x 9^2), defined on the hyperbolic region, 
continuous up to the boundary, smooth in the interior, are defined at a point of T*(M x dQ) 
by taking the two rays that lie over this point, in the hypersurface Char(p), and following 
the null bicharacteristic through these points until you pass over {x = 0} again, projecting 
such a point onto T*(M x dQ) (a gliding point being "a diffractive point viewed from the 
other side of the boundary", there is no bicharacteristic in T*(M x dQ) through it, but in 
any neighborhood of a gliding point there are hyperbolic points). 

In our model case the analysis is simplified by the presence of a large commutative 
group of symmetries, the translations in {y,t), and the billiard ball maps have specific 
formulas 

SHy, t, V, r) = (y± 4(4 - 1)'^' ±1(4" ^ T 4(4 - 1?^'-, V, r) . (3.8) 

Away from vr(S) these maps have no recurrent points, since under iteration ^((5=*")") ±00 
as n 00. The composite relation with n factors 

A^i^^o o ... o A$|^^o 

has, always away from vr(S), n + 1 components, obtained namely using the graphs of the 
iterates (5+)", (5+)"-^, .., (5")", 

{6^ny, t, rj, T)=(y± An{-^ - if'^ ± \n{-^ - lf'\ t T " ^f"-, V, r) . (3.9) 

All these graphs, of the powers of 5^, are disjoint away from 7r(S) and locally finite, in the 
sense that only a finite number of components meet any compact subset of{^ — 1>0}. 
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Since ((5^)" are all immersed canonical relations, it is necessary to find a parametrization of 
each to get at least microfocal representations of the associated Fourier integral operators. 
We see that ^ 

3 1]'^ 

are parametrizations of A^i^^^, thus the iterated Lagrangians (A^i^^q)"" are parametrized 
by 

4 

and the corresponding phase functions associated to (A$)°" will be given by 



yr] + tT + -r]{^-lf/\ 



4 

= $ + -nrji— - 1)3/2. 

Let us come back to the wave equation (13.11) and describe the approximate solution we 
want to chose. The domain Q being strictly convex, at each point on the boundary there 
exists a bicharacteristic that intersects the boundary M x dfl tangentially having exactly 
second order contact with the boundary and remaining in the complement of M x 0. Here 
we deal with 7(p) = x and (13. 5p translates into x = ^ = 0, \t\ = \ri\ > 0. Let 

(po,Co) = (0,0,0,0,l,-l)GT*(Mx91]). 

We shall place ourself in the region Va near (po, Co); 

Va = {(p, C) \e + (1 + - = 0, X = 0, = (1 + a)r]'}, 

where a = h^,0<6<2/3 will be chosen later and r] belongs to a neighborhood of 1. 
Notice that, in some sense, a measures the "distance" to the gliding point (po,Co)- 
Let Uh be defined by 

u,{t,x,y) = [ e'^^''-'^'^''^''''^^^''-^^^^^ (3.10) 



where the symbol g is a. smooth function independent of x, y and where G C^(R*) is 
supported for 77 in a small neighborhood of 1, < ^(77) < 1, \E'(77) = 1 for 77 near 1. We 
consider the sum 

Uh{t, x,y) = Y^ ul{t, X, y), ul{t, x,y) = / e^*"^"(t, s, r], h)^{ri)dr]ds, 

n=0 

where $„ = $ + I^T^a^/^ are the phase functions defined above such that A<j>^ = (A$)°" and 
where the symbols will be chosen such that on the boundary the Dirichlet condition to be 
satisfied. At a; = the phases have two critical, non-degenerate points, thus each writes 
as a sum of two trace operators, Tr±{u]^), localized respectively for y — {1 + aY^'^t + ^na^^'^ 
near ±|na'^/2, and in order to obtain a contribution 0/,2(/i°°) on the boundary we define 
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Figure 1: Propagation of the cusp. A caustic is defined as the envelope of the rays which 
appear in a given problem: each ray is tangent to the caustic at a given point. If one 
assigns a direction on the caustic, it induces a direction on each ray. Each point outside 
the caustic lies on a ray which has left the caustic and also lies on a ray approaching the 
caustic. Each curve of constant phase has a cusp where it meets the caustic. 



the symbols such that Tr_{g^) + Tr_|_(5f"+^) = 0L2[h°°). This will be possible by Egorov 
theorem, as long as ^ a^^"^ /h. This last condition, together with the assumption of finite 
time (which implies < A^(^ — 1)^^^ < oo) allows to estimate the number of reflections 
N. 

The motivation of this construction comes from the fact that near the caustic set 
7r(S) one notices a singularity of cusp type for which one can estimate the L^{Q) norms. 
Moreover, if at t = one considers symbols localized in a small neighborhood of the caustic 
set, then one can show that the respective "pieces of cusps" propagate until they reach the 
boundary but short after that their contribution becomes 0^,2 since as t increases, s 
takes greater values too and thus one quickly quits a neighborhood of the Lagrangian A$ 
which contains the semi-classical wave front set WFh{uh) of Uh- This argument is valid 
for all u^, thus the approximate solutions will have almost disjoints supports and the 
L^([0, 1],L^{Q)) norms of the sum Uh will be computed as the sum of the norms of each 
nlj on small intervals of time of size a^^^. 
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3.2 Choice of the symbol 

Let a = h^, 0<5<2/3tobe chosen and let Uh be given by the formula fl3.10p . Applying 
the wave operator □ to Uh gives: 

h'^nuh = j e^^ (h'^d^g - 2ihr]{l + ay/^dtg + r]'^{x - a + s^)g^'if{rj)dsdrj 

= J ex(y-*(i+'^)'/'+K-«)+4) (^h^d^g + ihr]{dsg - 2(1 + ay/^dtg)^7]<if{r])dsd7]. (3.11) 

Definition 3.1. Let A > 1. For a given compact K G we define the space iSx(A), 
consisting of functions g{z, A) G C°°(M) which satisfy 

1. sup2g]K ;^>i \d'^g{z, A) I < Ca, where Ca are constants independent of A, 

2. If ip{z) G is a smooth function equal to 1 in a neighborhood of K, < ip < 1 
then (l-V^)^G 05(K)(A-°°). 

An example of function g{z, A) G 5k(A), K C M is the following: let k{z) be the smooth 
function on M defined by 



k{z) 



cexp(-l/(l - if\z\<l, 
0, tf\z\>l, 



where c is a constant chosen such that J^k{z)dz = 1. Define a moUifier k\{z) := Xk{Xz) 
and let g G C^{K) be a smooth function with compact support included in K. If we set 
g{z, \) = {g* kx){z), then one can easily check that g belongs to iSx(A). 

Let A = \{h) = h^^/'^~^, Kq = [— co,co] for some small < cq < 1 and let g{.,\) G 
5xo(A) be a smooth function. We define 

i + 2(1 + a)^/^s 

ai^^ ^' ^) = ^^ 2(l + a)V2ai/2 ' (3.12) 

Notice that t + 2(1 + aY^'^s is an integral curve of the vector field ds — 2(1 + aY^'^dt, thus 
inserting (13.121) in (13.111) gives 

nu, = h-\4{l + a))-' J ^^"dU^-^^^^^^. XMri)dsdv. (3.13) 
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3.3 The boundary condition 

We compute Uh on the boundary. We make the change of variables s = a^^'^v in the integral 
defining Uh{t,0,y) and set z = 2(i+a)i/2a^/2 ■ Then 

Mt,0,^) = aV2/fef(-*(^+'^)^^^)x 
Jri 2vr 

X ( J J/^^^'^^''^^^^^^'^'' I e'''^^'~''^^g{z',X)dz'dC)^{r])dr] 

X / e''>^^'-''^'^Ai{-{ri\Y^%l-C))Qiz',X)dz'dCdri. (3.14) 

For T] G supp(\l/) we introduce 

I{g{., \)),{z, A) := [ e^^'^^-^'^<M{-{r^\y/%l - C))f?(^', X)dz'dC, (3.15) 

then 

<il{v){I{0{., \))XivK. A) = {v\Y^'<il{v)At{-{v\f/%l - C))QivK, A). (3.16) 

The next Lemma shows that the symbol of the operator defined in (13.151) is localized for ^ 
as close as we want to 0. 

Lemma 3.2. For g{.,X) G Sk{X) for some compact K then (/(f))^)^(., A) defined by f l3.15p . 
(I3.16P is localized near C, = 0, more precisely, ifx is a smooth function with support included 
in a small neighborhood (—2c, 2c) o/O, < c < 1/4, xl[-c,c] = 1? < x ^ 1? then we have 
for Tj G supp{^) 

/(,(., A)),(^, A) = / e^^'^^-^'^^M{-{^Xf'\l - C))x 

X x{0Q{zA)dz'dC + Osi:K){{v\m- (3.17) 
Proof. Let q{., A) G iSx(A). If we set, for 77 G supp(^') 

J(f,(., A)),(z, A) := / e^^^(^-^')^Az(-(r/A)2/3(l - C))(l - x{0)q{z\ \)dz'dC 

we need to prove the following 

^{v)J{g{.,X)Uz,X) G ^(r/)05(M.)((r]A)-°°) =05(M.)(A"°°), 
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which is the same as to show that A) G Os{Ri.){\ °°) or equivalently that 

^{v)JiPrnivK, A) e ^iv)OsiR0iiv>^m- (3.18) 
In order to prove fl3.18l) we first compute {J{g))!^{ri\(, A) exphcitly: 

*(^)(J(f^(.,A))):)(r/AC,A) = 

= {r^XY/^^{r^)M{-{r^\f/%l - C))(l - x{0)q{vK, A) (3.19) 

It remains to show that the right hand side of fl3.19p belongs to '^{r])Os(^^){{riX)~°°). 
Notice that this will conclude the proof of the Lemma [3.21 If xiC) 7^ 1 then ( lies outside 
a neighborhood of 0, \(\ > c and for r] G supp(\E') we can perform integrations by parts in 
the integral defining g{ri\(, A): 



^(r?)^(r/AC, A) = ^{v) j^^ e-'-^^>^^^' q{z\ \)dz' 



-inK^'d'^Q{z\X)dz'. (3.20) 



Writing q[z' , A) = ip{z')g{z', A) + {l — ip{z'))g{z', A) for some smooth cutoff function equal 
to 1 on and using that \\d^{ipg){., X)\\l°°(^-r) < C'^ for some constants C'^ independent 
of A and that, on the other hand 9™((1 — 4')g{., A)) G Os{r){X~°°), we deduce the desired 
result. □ 

In what follows we use the results in Section [6l3] of the Appendix in order to write, for 
C close to 

Ati-ivXf/^l - 0) = A^-{rjXY/%l - 0) + A-{-{rjXf%l - Q) 
where A^ have the following asymptotic expansions 
v4±(-(r/A)2/3(l - Q) ^ (ryA)-^/^(l - C)~'/^x 

a±,(-l)-^V2(i_^)-3./2 



^ (vX)^ 



We obtain two contributions in I{g{., A))^(., A) which we denoted 
(r/A)^/6 



e^vHz-^'KA^{-{7^Xr/%l - C))x{O0{z', \)dz'dC. (3.22) 



2tx 

We can summarize the preceding results as follows: 



Proposition 3.3. On the boundary Uh\r^=Q writes (modulo Os{m.){^ °°)) as a sum of two 
trace operators, 

Uhit,0,y) = Tr+{uh){t,y]h) + Tr^{uh){t,y; h), (3.23) 
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where, for z = 2(i+,)i/2,i/2 ; 



I±{q{., XMz, A) = e±-/2-W4!A f ^.,A(c(.-.')Tf({i-C)^/^-i)) 

271 ' 



X 

xx{C)a±{C,vX)g{z',\)dz'dC, (3.25) 



and where a± are the symbols of the Airy functions A"^ 

i>o ^ 

where a±j are given in (16.111) . 

We also need the next Lemma: 

Lemma 3.4. Let j> G Z and for some < Cq < 1 set Kp = [— Cg + p,Cq + p]. Then for rj 
belonging to the support o/^ we have : Sk^{X) — > Sk^^j^{X). 

Proof. The phase functions in I±{g{., X))n{z, A) are given by 

vMz, z\ = viiz - z')C T ^((1 - 0'/' - 1)), 

with critical points satisfying 

6±(z, z', C) = z-z'±ii- CY'^ = 0, dA±{z, z\ C) = -C = 0. 



Outside small neighborhoods of C = and z' = z ± (1 — C)^^^ we make integrations by 
parts in order to obtain a small contribution "if {r])Os(M.){{r]X)~°°) . Indeed, if we write 

^(r?)/±(f?(.,A)),(^,A)= (3.27) 

^ ^±W2-W4,p(^)^ f e^.A((.-.')CT§((i-a^/^-i))«^(^,^A)x(C)^^(^', A)rf.'rfC, 

where a± are given in (I3.26p . we have to check that the conditions of Definition 13.11 are 
satisfied for I±{g{., X))n{z, A) and iSA'p:pi(A): 

• First we prove that for 77 G supp(\E') 

sup \d':i±{gUz,X)\<Cl (3.28) 
zeM.,x>i 
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For T] G supp(\l/) we have 

271" J^z' 

X itr]XCra±{CA)xiC)Qiz\X)dz'dC (3.29) 

and we shall split the integral in ( in two parts, according to < 2 or > 2 
for 7] on the support of in the first case there is nothing to do, the change of 
variables ^ = r]X( allowing to obtain bounds of type fl3.28p . In case A^ > 2 we 
make integrations by parts in the integral defining g{riX(, A) like in fl3.20p in order to 
conclude. 

• Secondly, let tp± be smooth cutoff functions equal to 1 in small neighborhoods of 
Kpzpi and such that < ^l:± < 1. We prove that 

{i-^p^iz))^{v)i±igUz,x) = ^iv)Osmiiv>^)~n- 

Since ip± equal to 1 on some neighborhoods of -Kp=pi there exist c' > small enough 
such that '?A±|[-co+p=Fi-5c',co+PTi+5c'] = 1- Since {I{g)n)^ is localized as close as we 
want to C = then from the proof of Lemma 13.21 we can find some (other) smooth 
function x with support included in (—2c', 2c'), equal to 1 on [— c',c'] so that 

^{r^){I{g)X{r]XC, A) = ^{ii){I{g)X{r]K, A)x(C) + ^{r])Osiu){{v^m- 

Let '0 G with support included in (— co+p — c', co+p + c'). We split g = ■ipg+ {1 — 
%lj)g and since (1 — V')^(., A) belongs to Os{Wj{.^ °°) it is enough to prove the preceding 
assertion with g replaced by ipg. On the support of ipg we have \z' —p\ < cq + c' and 
on the support oi 1 — ip^ we have |z — ]?±1| > co + 5c'. On the other hand, if c' is 
chosen small enough then on the support of ij) we have 1 — 3c' < (1 — C)^^^ < 1 + 3c', 
thus we can make integrations by parts in the integral in C, since in the region we 
consider we have |9(^(/>±| > p =F 1 + Cq + c' — p — Cq — c' ± 1 — 3c' > c'. From the 
discussion above and 

{I - i^±{z))l±{gUzA) = e^^-i^-^-i\i-i^^{z))x 

x^(r/)^ / e^''^«^-^')^^i«i-^)^''-y)a±(C,r/A)x(C)^(^')^^(^',A)ciz'ciC (3.30) 

we conclude by performing integrations by parts m C,. In fact, we could have noticed 
from the beginning that, inserting under the integral fl3.30p a cut-off localized close 
to C, = ^1 z' = z and performing integrations by parts, one makes appear a factor 
bounded by (1 + A|?7||C|)"^ for all iV > 0. 



□ 
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3.3.1 Construction of the approximate solution 

Let p G Z and Kp = [—cq + p,Co + p]. For r] G supp(\l/), some A > 1 and g{., A) G iSxo(A) 
write 

A)),(^, A) = e±-/2— /^l^ I e'''^(^~<-'^±(-''f))x(C)a±(C,r/A)f?(^', A)rf^X, (3.31) 
where we set 

^±(^',C)=^'C±^((1-CP-1). (3.32) 

We want to apply the Egorov theorem in order to invert the operators The symbols 
x(C)a±(C! ''7A) are elliptic at C = 0, consequently (eventually shrinking the support of x) 
there exists symbols b±{(, rjX) which are asymptotic expansions in (r/A)"^ for 77 belonging to 
the support of \E', such that, if one denotes by J±{-)r) the operators defined for g G Skz^iW 
by 

J±{q{.,\)Uz',\) = e=FW2+W4|^ f e^vXii.^(^',0-.Ob^^^^^x)g{z,\)dzdC, (3.33) 

In J 

then one has 

gi; A) = I+iMQi; A)),(., A)),(., A) + 05(r)(A-°°) + 05(m)(A-°°), 
gi., A) = Ml+iQi; A)),(., A)),(., A) + 05(m)(A^°°) + 05(m)(A-°°), 



and also 



g{., A) = I-{J-iQi; A)),(., A)),(., A) + 05(m)(A-°°) + 05(m)(A-°°), 



^5(., A) = J-{Ug{., A)),(., A)),(., A) + OsmiX^n + 05(m)(A-°°). 
Remark 3.5. A direct computation shows that, for instance 



^±(/±(f?(.,A)),(.,A)),(^,A) = ^J e'^'^^-^^'^x{Oa±{C,V^)b±{C,V>^)g{z',X)dz'dC 

and consequently (since the coefficients do not depend on z' and because of the expression 
of the phase functions ^/'±(2', C)) one can take b±{(, rjX) = ■ 

Proposition 3.6. Let N ~ A/i*" for some small e > and 1 < n < N . Let be the 
translation operator which to a given g{z) associates g{z + k). Then for rj G supp[^) 

(Ti o J+(.)^ o /_(.)^ o Ti)" : 5a'o(A) ^ 5A'o(A/n) uniformly in n. (3.34) 

Notice that since X/n> ^ 1, then one has 

05(R)(A"°°) = 05(M)((A/n)--) = Os(^){h^). (3.35) 
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Remark 3.7. Notice that at this point we have a restriction on the number of reflections 
which should be much smaller when compared to A = a^^^/h. In fact, in the proof of 
Proposition 13.61 we apply the stationary phase with parameter \/n which should be large 
enough, more precisely it should be larger than some (positive) power of h~^. Using (13.351) . 
this would imply that away from the critical points the contributions of the oscillatory 
integrals are 0{h°°). 

Proof. We start by determining the explicit form of the operator in (13.341) . 
For ( on the support of |C| ^ 2c < 1 for c small enough, set 

/(C) = 2C - ^(1 - (1 - C)^) = y + OiC). (3.36) 
Let g{., A) G 5a'(,(A). Then for rj on the support of we have 

Ti(J+(/4Ti(f,(.,A))),),)(z) = ^ /" e^''^«^-^')^+^(^))c(C,r/A)f^(z',A)d^'dC 

= (F,A*^?(.,A))(^), (3.37) 



27r 



where we set, for rj on the support of \& 

^""^^^ = |^y[e^''^'^^^^^"c(C,r/A)rfC, (3.38) 
c{Cr]X) = x(C)a+(C,^A)6_(C,r/A) = x'iOj^'^jil - C)"'^/'(^A)-^ co = 1, (3.39) 

j>0 

thus for each n we can write 

(Ti o J^(.), o /_(.), o T,ng{., X)){z) = {F,,r * Qi; A)(;^). (3.40) 
We can explicitly compute (-F^a)**^ 

{F,,r{z) = !^J^e^vXzCpn^^^xC)dC = |^^e^''^(<+"^(^))c"(C,r/A)rfC- (3.41) 

Set ( = n( and A = -. The choice we made for allows to write the right hand side of 
(EaU) as 

(F^)-(^) = !I^ f e'''^(<+"'/(|))c'^(i,nr/A)dC, (3.42) 
271 ./^ n 



therefor we obtain 



(rioj+(.),o /_(.), ori)"(f.(.,A))(^) = 

= ^ / .,A((.-.')C+nV(|))cn(i,^^A)f?(z',A)ciCc^z'. (3.43) 
27r Jf n 
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The phase function in fl3.43p is given by 



n 



and its critical points satisfy 



= z-z' + nf{^) = 0, 9,,0„ = -C = 0. (3.44) 



n 



In order to show that for all a > there exists constants independent of n, A, 
such that 

sup \d:{T, o J4.). o /_(•). ° T.riQi; A))(^)| < ci 

z&R,X=\/n>l 

we write 



a^Ti o J^(.), o /_(.). o T^rigi; \)){z) = {F,,r * d:g{., \){z). 

For C outside a small neighborhood of 0, |C| > c, we perform integrations by parts 
in z' in the integral fl3.42p defining (Fjjx)*'^{z) and obtain a contribution arbitrarily 
small. For \(\ < 2c small, let ip he a smooth function with support included in 
a c-neighborhood of Kq and such that (1 — ip)g{.,\) = 05(k)(A^°°). For z away 
from a 5c-neighborhood of Kq we saw in the proof of Lemma 13.41 that we have 
\d^(l)n{z, z' ,()\ > c and we conclude again by integrations by parts in (. Near the 

critical points C = ^ind z = z' — nf'{^) we can apply the stationary method lemma 
in both variables z', (, uniformly in n: it is crucial here that /(O) = /'(O) = 0, 
/"(O) = 1 which gives, setting ^„(C) = n^fii), 

\9n{0\ < rfolCr, l^?;(C)l < rfilCl, \9i'\0\ < dk^k > 2, 

with constants dk independent of n (we deal with Fourier multipliers), \g'^\ > rfg > 
and that, on the other hand, from (13.391) we have |c?™X^"'(^)l ^ for all m > with 
constants independent of n and 

|9^-c"(i,nr^A)| <ei|c-(^nr/A| + eo|^c,f ^ 1. 

^ n ^2 (nr/A)^ 

• To check that for a smooth function equal to 1 in a neighborhood of Kq we have 

(1 - ^)(ri o j+(.), o /_(.), o ri)"(f?(.. A)) = 05(R)(A-°^) 

we use the same arguments as in the second part of the proof of Lemma 13.41 
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□ 

Definition 3.8. Let ^(., A) e SkS^) and rj E supp(^'). For 1 < n < iV, iV ^ Xh^ set 

g-{z, r/, A) = (-irvl/(^)(Ti o J_,(.), o J_(.),TO"(f.(., A))(^), 

^°(^,r/,A) = g{z,X)<i/{r]). 
From Proposition 13.61 it follows that g"-{z,r],X) G 5A'o(A/n). Let 

.'^(t, r^, /.) = ^"( ^li + .li/^U - 2-, A), (3.45) 

4 / 

<l>„(t, X, y, s, 7]) = r]{y - t{l + af^^ + {x - a)s + j + -na^^^), (3.46) 

and set 

^ r 

Uh = Y^ <' x,y)= / e^*"^?"(t, r/, /i)dsdr/. (3.47) 

n=0 

Proposition 3.9. With this choice of the symbols we have for all < n < N — 1 

Tr.{ul){t, y- h) + rr+«+i)(t, y; h) = ©^^(A— ). (3.48) 

Proof. The proof follows from Propositions 13.31 13.61 and the definition of the symbols g^, 
since we have 

e^J_(Ti(f."(.,r/,A))), + e-^J+(r_i(f."+^(.,r/,A))), = 05(R)(A-°°), 

where T±i are the translation operators which to a given g{z) associate g{z ± 1) and since 
the operators are of convolution type so they commute with translations. □ 

4 Strichartz estimates for the approximate solution 

Let Uh be given by ( 13.47^ and let (g, r) a sharp wave- admissible pair in dimension 2, i.e. 
such that ^ = |(| — ^). The "cusp" is reflected with period a^^^, a = and in order to 
compute the norm of Uh on a finite interval of time we will take 6 = ^ in order to obtain 

1 ^ Na^/^ ~ Xh'h^/^. (4.1) 

We prove the following 

Proposition 4.1. Let r > A, (3{r) = |(i - ^) + |(^ - }.) and let (3 < (3{r) - e for e > 
small enough like before. Then the approximate solution of the wave equation (II. 2p satisfies 

mo,i],L-{n)) > \\Uh\t=o\\L^Q)- (4.2) 

In particular, the restriction on (3 shows that the Strichartz inequalities of the free case are 
not valid, there is a loss of at least \{\ — }:) derivatives. 
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Proof. In the construction of Uh we considered an initial "cusp" m° of the form (13.101) . with 
symbol g given by (13.121) . with g'^ E S[^co,co\{o?'^'^ /h) depending only on the integral curves 
of the vector field Z and ?7, supported for r/ in a small neighborhood of 1. We introduce 
the Lagrangian manifold associated to m^J, with phase function $„ = $ + ^nrja^^"^ 

:= {(t, x,y,T = -{1 + af^T], ^ = si], rj), 

a-x = s\y-t{l + a)^/2 + ^ ^3/2 ^ 2 ^ y*^3^ (43) 

Lemma 4.2. Lei < 6e ^zwen 5y (IXiTj) . then WFh{u'^) C A$„. 

Proof. If > c > we use the operator Li = ^pq^3^<9s in order to gain a power of 

h^~^ at each integration by parts with respect to s, thus the contribution we get in this 
case is OL^{h°°). Let now |(9r)$n| > c > for some positive constant c: before making 
(repeated) integrations by parts using this time the operator L2 = ^jg '^12 ^t? we need to 
estimate the derivatives with respect to rj for each defined in (I3.45p . We have 

J I »? n| ^.^0 

*^^'^^^ 2(l + a|v2iv2 +2n)d,ci., (4.4) 

where * denotes the convolution product. The derivatives of (-Ft,a)*" with respect to rj 
are easily computed using the explicit form of (-Ft,a)*" that we recall (see the proof of 
Proposition 13.61) : 

(F,,)-(^) = |A^e*'7A(.C+nV(|))cn^i^^^^)^^~^ 

with c(C, uj) = x^iC) X]j>o C)"^''^^'^""' ^^(^ where we have made the change of variable 
C = n( and set A = A/?i > h~'^ ^ 1. Hence one r^-derivative yields 

rj 27r n n 

+ /"e*'7AK+nV(|))^5 (C^^^^V"-i(i^^^A)rfC. (4.5) 
2n n n 

The symbol of the third term in the right hand side of (14.51) is ndric{(,riX)c^~^{(,riX) and 
we have 

a,c(C,r/A) = -r^-^A-i 5^ jc,(l - C)-''^'W-^'-'\ 
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and since n -C A, the contribution from this term is easily handled with. 

The symbol in the second term in the right hand side of (14.51) equals the symbol of 
(Fjjx)*^ multiplied by the factor iX{z( + Xnf{^)). Recall that on the support of c{(, rjX) we 
have C = C/"- £ supp(x) is as close to zero as we want and there f{() = (^/2 + 0{(^), hence 
n^f^^) = (^^/2 + 0(C^/n). On the other hand, when we take the convolution product of the 
second term in (14.51) with A) we obtain in the same way as in the proof of Proposition 
13.61 that the critical points of the phase in the oscillatory integral obtained in this way, 

^ f g.^A((.-yK+nV(|)),X((^ _ ^'^^ + ^2^^ C^^^n^ C ^ r]n\) Q^z' , \)dCdz', 



2tt n n 

are given by C = and z = z'. The phase function which will be denoted again by 
(l)n{z,z',() as before satisfies (l)n{z,z,0) = 0, dz'(pn{z, z,0) = and d^(l)n{z , z , 0) = 0. Ap- 
plying the stationary phase theorem in ( and z', the first term in the asymptotic expansion 
obtained in this way vanishes, and the next ones are multiplied by strictly negative, integer 
powers of A, hence the contribution from this term will is also bounded. 

Notice that when we take higher order derivatives in rj of g"^, we obtain symbols which 
are products of V{(j)nyd^~^{c"'{C,/n^rinX)) and can be dealt with in the same way, taking 
into account this time that the first j terms in the asymptotic expansion obtained after 
applying the stationary phase vanish. As a consequence, after each integration by parts 
in T] using the operator L2 we gain a factor /i, meaning that the contribution of is 

0L2{h^). □ 

We also need the next results: 

Lemma 4.3. If g{., A) G 5[_co,co](-^) with < Cq < 1 sufficiently small, then have almost 
disjoint supports in the time variable t. 

Proof Let fi e (0, 1) and \t - 4ra(l + aY^^a^/^\ > 2(1 + ay/^a^^^{l + fi). Then on the 
essential support of g"( 2(i+a)i/Li/2 ~ 2?^' ^) must have |s| > a^/^(l + /i — Cq) while on 
the Lagrangian A$„ defined in (14. 3 p we have \a — x\ = s"^ < a. Consequently, if /i > cq + eo 
for some eo > as small as we want, we are not anymore on the Lagrangian A$^. Since 
outside any neighborhood of A$^ the contribution in the integral defining is OL^{h°°), 
we conclude that u][ "lives" essentially on a time interval 

[4n(l + a)i/2^^/2 _ + a) ^^/^(l + Cq), 4n(l + a) ^^^^/^ _^ 3(1 + aY/^a'/'{l + Cq)]. 

□ 

Since a = <^ 1 and therefor (1 + a)^/^ ~ 1 we claim that is in fact essentially 
supported for t in the time interval 

[4nai/2 _ 2^1/2(1 + co),4na^/^ + 2a^/^{l + cq)] 
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Lemma 4.4. Let < cq < 1/3 and let Ik be small neighborhoods of Aa^^'^k of size a^^'^ , 

Ift G Ik then in the sum Uh(t, .) there is only one cusp that appears, u'^(t, .), the contribution 
from all the others u^{t, .) with n ^ k being 0^2 

Proof. On the essential support of g^{.,r], A) one has 

\t + 2(1 + a^/^s - 4n(l + aY^^a'/'l < 2(1 + aY^^a'/'co. 
Suppose n ^ k: we have to show that the contribution from is 0^2 (/i°°). Write 
2(1 + ay/^a'/^co > 4|n - k\{l + aY^^a'/^ - \t - 4k{l + aY^^'/^l - 2(1 + aY/^\s\ 

> 4(1 + ay/^a'/' - (1 + ay^'a'/^co - 2(1 + a^/^lsl 

which yields |s| > 3a^/^/2 since cq < 1/3 and as in the proof of Lemma [4.31 we see that we 
are localized away from a neighborhood of (on which |s| < a^^^), thus the contribution 
is 0^2 [h°°). Consequently, the only nontrivial part comes from n = k in which case we 
find \s\ < Scqq ^^72 < 0^/72, thus the fc-th " piece of cusp" does not reach the boundary 
{x = 0} (since on the Lagrangian we have a — x = s"^ and outside any neighborhood 
of the contribution is 0^,2 (/i°°)). □ 

We turn to the proof of Proposition I4.1[ We use Lemma 14.41 and Proposition 16.61 from 
the Appendix to estimate from below the ^^"^([0, 1], L'''{Q)) norm of Uh- 

ll^'iilL9([o,i],L'-(n)) = / ll^'illL'-(n)'^^ = / \\''^'^h\\%{Q.)dt (4.6) 

N 

> E / \\J2<\\Un)dt + 0{h-^) (4.7) 

k<N/5 "^^^-^fe n=0 

^ E MKWUn) + 0{h-) (4.8) 

k<N/5 

^HWl^^^^ + Oih^. (4.9) 

Indeed, we have shown in Lemma 14.41 that for t belonging to sufficiently small intervals 
of time Ik there is only u'^ to be considered in the sum since the supports of u"^ will be 
disjoints. On the other hand, for t G Ik, u^it, •) admits a cusp singularity at x = a which 
guarantees that the piece of cusp does not "live" enough to reach the boundary. Moreover, 
we see from Proposition 16.61 that for t G Ik the L^{Q) norms of u'l{t, .) are equivalent to the 
L^{fl) norms of Using Corollary 16. 71 we deduce that there are constants C independent 
of h such that for r = 2 

1+-^ 



\Uh\t=o\\L^n) = \\uh\t=o\\L^n) - h +S (4.10) 
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while for r > 4 

\\Uh\\Liiio,i],Lrin)) > Ch^^tr (4.11) 
and since 5 = ^ we deduce that (14. 2p holds for f3 < (3{r) — e since we have 

:^ h'+i \\Uh\t=o\\mn)- (4.12) 

Remark 4.5. Notice that for 2 < r < 4 

||f/hlUn[o,i],L-(c)) > (4.13) 

therefor in this case the previous construction doesn't provide a contradiction to the 
Strichartz inequalities when compared to the free case. 

□ 

Proposition 4.6. The approximate solution Uh defined in f l3.47p satisfies the Dirichlet 
boundary condition 

Uh\[o,i]xdn = Oih^). (4.14) 
Proof. Using Propositions 13.31 and 13.91 the contribution of Uh on the boundary writes 

N 

t/,(t,0,y) = 5^5^Tr±«)(t,|/;/i) = Tr+(M°)(t,y;/i) + rr_(M;y)(t,y;/i). (4.15) 

n=0 ± 

The first term in the right hand side of (14.151) is easy to handle since Tr+(n°)(t, h) is 
essentially supported for 

t e [-2(1 + Co)a^/^ -2(1 - Co)a^/']. 

Since we consider only the restriction to [0, 1] x dQ, the contribution from this term will 
be 0^2 (/i°°). To deal with the second term in the right hand side of fl4.15p we first study 
the essential support of Tr_{u^)(t, y; h) for t G [0, 1]. We distinguish two situations: 

• If {Ah^^/'^)~^ — [(4/1""^/^)"^] < 1/2, where we denoted by [z\ the integer part of z we 
take 

N ■= [(4/i^^/2)-i] 

and we deduce that Tr_{u^){t,y; h) is essentially supported for t in an interval 
strictly contained in [0,1] while Trj^{u^){t,y] h) has a nontrivial contribution only 
on 

[4iVai/2 _ 2(1 
A direct computation shows that for this choice of 

ANa^/^ - 2(1 + co)a^/2 ^ 4h-^[{Ah-^)-^] + ^{Ah^y > 1. 

Therefor, on [0, 1] the contribution oiTr^{uf^){t, y; h) is canceled by Tr_{u^~^){t, y; h), 
while the contribution of Tr_{u^) equals Oi2[h°°) since it is essentially supported 
outside [0, 1]. 
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If (4/i-^/2)-i - [(4/1-^/2)^1] > 1/2, we set 

N := [(4/i-"/2)-i] + 1 

and we conclude using the same arguments as in the preceding case. 

□ 



5 End of the proof of Theorem 11.2 



Let Uh be the approximate solution to the wave equation (13. ip defined by (13.471) . In (I4.10p 
we obtained ||f//i|t=o||L2(f7) — h^^^^^. We now consider the L^-normalized approximate 

solution Wh = wr\ — h Uh- We also let Vh = Wh + Wh, where Vh solves 

□^h = 0, \4|[o,i]xan = 0, (5.1) 

with initial data 

Vh\t=o = Wh\t=o, dtVh\t=o = dtWh\t=o. (5.2) 
Proposition 5.1. Under the preceding assumptions Wh satisfies 

\\Uwh\\L^{t<^%i],L^(n)) = 0{h~^), Wh\dn = 0L2{h°^), (5.3) 

Wh\t=Q = 0, dtWh\t=o = 0. (5.4) 
Proof. If we set a{h) := ||?7h|t=o||L2(n) — h^'^^^'^, then one has 

N 

IP^/i|li2(te[o,i],L2(n)) = "(^) '^\\'^^K\\h{te[o,i])L'2{n) (5-5) 

n=0 

N 

<<h)-'Y. / \\Y.^<\\lH^)dt + 0{hn (5.6) 

kKN/A-^-^k ri=0 

<^a{h)-'Y. I \\^<\\lH^)+0{hn. (5.7) 

where 

J„:=\Aa^l^k-2a"\Aa"^k + 2a"% 

and where we used the fact that for each n there are at most three cusps to consider for 
t & Jk as shown in Lemma [4.41 Let us estimate ||nM^(t, .)||L2(n) for t G Jk- The proof of 
Proposition 16.61 of the Appendix applied to Ou^ (computed in (13.130 ) yields 

ll□4(^,•)lU2(^)</^-^+^+^/^ 
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since the assumption g G S[-co,co]W implies that sup^ Id^Ql < C for some constant C 
independent of A and one can bound from above the norm of Dm^ (notice that the 

only difference between the estimates concerning is that instead of we now have d'^g"' 
which we handle in the same way). Consequently we obtain 



k<N/4 
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since \ Jk\ are of size a^/^, k < N/A and Na}/'^ ^1. □ 
Corollary 5.2. If {q,r) is a sharp wave-admissible pair in dimension two then Wh satisfies 

\\wh\\LHm,Lrm < (5.8) 

where C is some constant independent of h. 
Proof. Write the Duhamel formula for Wh, 

/"* Sinft — T)\/—Ari ,^ , ^^ , , s 

Wh{t,x,y)= / ^ ^ -(□w,(r,.))rfr. (5.9) 

Using the Minkowsky inequality and Proposition 15.11 we find 



/•* sm(t-rV^A^ 
ll^/i||L°°([o,i],Hi(n)) — II / / . iL-ltf/il^r, .jjctr||ioo([o,i],//i(f7)) 

</ ll^y^fc=^lli/Mn)^^ - IPw/,||Li([o,i],L2(n)) < C/i^^ (5.10) 
Jo y—^D 

Remark 5.3. Notice that since we are dealing with the Dirichlet Laplace operator A/) inside 
a bounded domain there is no problem in estimating || {\/ —Ad)~^ f\\m{n) by ||/||L2(t7)- In- 
deed, let (e^ )j>o be the eigenbasis of L^(f2) consisting in eigenf unctions of — A/j associated 
to the eigenvalues z/| considered in non-decreasing order and decompose / = J2j>o fj^'^]^ 
fj =< f^(^yj >■ Then 

and since i/i > c > for some fixed constant c > we can estimate 

,2^ 



|2 



ll/illL2(n)- 



Take now C = supj.(l + l/z/|) < 1 + 1/c^ then 

//1(c) < VC'||/||l2(q). (5.11) 
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If, instead, we were considering the Neumann Laplacian Atv inside the domain f2, in order 
to obtain bounds hke in (15.111) we had to introduce a cut-off function \1/ G C^(M) equal to 
1 close to and decompose a function / 

/ = vl>(-A;v)/ + (l-*(-A^))/ 

and treat separately the contribution \E'(— A^r)/ obtained for small frequencies of /. 

In order to obtain estimates for the L°°{[0,1], L^{Q)) norms of Wh we also need to 
establish bounds from above for its L°°([0, 1], L^{Q)) norms. We need the next result: 

Proposition 5.4. Let f{x,y) : Q ^ M be localized at frequency 1/h in the y G M*^^^ 
variable, i.e. such that there exists ip G C^(]R'^~^\0) with ip{hDy)f = f. Then there exists 
a constant C > independent of h such that one has 

\\f\\H-Hn)<Ch\\fh^n). 
Proof. Since xihDy)f = / we have 



H-i{n) = sup / ^pfg < \\f\\L2{n) x sup \\^lj{hDy)g\\L'2(n) 

< h\\f\\L^n)mhDy)Vyg\\L^n) < C/i||/|U^(n), 
where we set ip{T]) = \ri\~^ilj{r]). □ 

Using again Duhamel's formula written above, we have 

||'W^ft||L°°([o,i],i2(n)) < ||n'W^/i||Li([o,i],H-i(n)) (5.12) 
and from Proposition 15.41 applied to / = we deduce 

\\Wh\\L^{[0,l],L^in)) < /i||nW;i||Li([o,i],L2) < Ch^~^ . (5.13) 

Interpolation between (15.101) and (I5.13P with weights a and 1 — a yields 

\\wh\\L^m],H-m) < Ch^~^~\ (5.14) 

We take a = 2(| - i) and use the Sobolev inequality in order to obtain 

lkh||Ln[o,i],L'-(n)) < Ch^-'-^^'^--r\ (5.15) 

□ 

End of the proof of Theorem 11.21 

From Corollary 15.21 we see that the norm ||u'ft||Lq(([o,i],L''(r2)) is much smaller then the 
norm of || Wh||L9(([o,i],L'-(r2)): in fact we have to check that the following inequality holds for 

r > 4 
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which is obviously true. Let P < /5(r) = |(i — ^) + — We have 

i{[o,i],L-{n)) > /i^(||W4||L'j([o,i],L'-(f7)) - \\wh\\Li{[o,i],L-{n))) (5.17) 

> Ih^WWhU^miLrm > 1. (5.18) 

On the other hand ||V/i||i2(Q) ~ 1, /i||i9fVfe|f=o||L2(n) — 1 , thus for P < /5(r) the (exact) 
solution Vh satisfies 

h^\\Vh\\Li{[o,i],Lr{Q)) > \\Vh\t=o\\L^n)- (5.19) 
The proof of Theorem 11.21 is complete. 

6 Appendix 

6.1 Proof of Lemma [2^2] ( TT* argument) 

Proof. Let < Tq < oo and denote by T the operator which to a given uq G L^(M") 
associates U{t)ip{hD)uo G ^^([0, Tq], L^(M")), where by U{t) = e-ir^ we denoted the 
linear flow. Its adjoint T* : L'''([0, Tq], L'''(M")) ^ ^^(R") is given by 

iT*g)ix)= [ " rU{-t)g{t,x)dt (6.1) 

thus we can write 







/•To rTo 

{TT*g){t,x)= U{t)i)i)*U{-s)g{s,x)ds= U{t - s)^i)* g{s,x)ds (6.2) 
Jo Jo 

since ip has constant coefficients. Suppose that the dispersive estimate 

||e-ir«^/>(/iZ})no||Loo(r) < (27r/i)-"7„,^(-^)||V'(/i/^)no||Li{R") (6.3) 

holds for a function '-yn,h '■ Interpolation between (16. 3p and the energy estimates 

gives 



||e-^^^(/lD)lZo||L.(M") < C^/^~"^'"^Hn,h(;^)'"^|ko|L.'(Mn), (6.4) 

and from (16. 2p and (16. 4p we deduce 



|7'T*||l„((o,To],L'-(R")) < (^/i "^^ '^11 / ln,h{—J^Y ''\\9is)\\Lr'(^^n-)ds\\Li[0,To]- (6.5) 







The application \t\ «* : L'^' L'^ is bounded for g > 2 by Hardy-Littlewood-Sobolev 
theorem, thus we obtain (12. 7p . 



l^lli^^L.((0,To],L^(E")) < ^""^'"'^ sup ti7(7-)'-' <C/l-2^( sup S^l{s)))~\ (6.6) 



□ 
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6.2 Propagation of positivity 

On C^™" = C™ X C™ one considers the symplectic 2-form a = dz A =: + iai. 
Definition 6.1. Let A be a smooth manifold of C^™. It is called 

1. M (resp. I, C)-Lagrangian if its dimension on M is 2m and ctrIa = (resp. uiIa = 0, 
c^cIa = 0); 

2. M (resp. I)-symplectic if (TkIta (resp. cjiIta) is nondegenerate; 

3. positive at some point p G A if the (real-valued) quadratic form Q : u la{u,u) is 
positive definite on the tangent space TpA of A at p. 

Lemma 6.2. Assume that the projection A3 {z,Q ^ z E is a local diffeomorphism. 
Then A is a C-Lagrangian if and only if it is locally described by an equation of the type 
C = ^, where $ is a holomorphic function of z and we write (locally) A = A$. 

Lemma 6.3. A C-Lagrangian A is positive at some point p if and only if near p it is 
of the form A<s,, where ^ is a holomorphic function such that the real symmetric matrix 
(^^'£^)j,k=T^ «s positive definite. 

Let q = q{z, () be a holomorphic function on an open subset U C C^™. Then as in the 
real domain one defines the Hamilton field of q by the identity a{u, Hq{z, ()) = dq{z, ()u. 
One also defines the Hamilton flow exp sHq{zX) for s real, by 



and one can easily prove that for any open subset U' GG U and for any s G M such 
that Us/g[o,s] exp s'i/q(t/') C U, the application U' 3 {z,() sHq{z,() is a complex 

canonical transformation. 

Lemma 6.4. Let A be a C-Lagrangian submanifold ofC^"^ and assume that there exists p G 
AnM^™ such that A is positive at p. Moreover assume that there exists a complex canonical 
transformation k defined on a complex domain containing M^"^ such that fi;(]R^™) C M^™ 
and K,{p) G A. Then A is positive at K,{p). 

Proof. Observe that if n G Tk(p)A, then u = dK,{p)v with v G TpA and u = dK{p)v = 
dK,{p)v = dupv. Take now k, = expsHg. For the proofs see [13], [H]. □ 

6.3 Airy functions 

We give below some of the basic properties of the function Ai{z) which are used in this 
work. For z G M, Ai{z) is defined by 



d_ 
ds 



exp sHq{z, C) = i^g(exp sHq{z, ()) 



(6.7) 




(6.8) 
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This integral is not absolutely convergent, but is well defined as the Fourier transform of 
a temperate distribution. For pozitive z > 0, z ^ oo we have 

Ai{z) = 0(2"°"), (6.9) 

Ai(-z) = A+(-z) + A~(-z)(c^ -^z"-* cos(-z^/^ - -)), (6.10) 

Vvr 3 4 

where 

oo 

AH-z) - .-^/^e^f ^^^^^^-^(J]ai,(-l)-/2,-3./2)^ ^ (6.11^ 

j=0 ^ 

Proposition 6.5. All the zeroes of Ai{z) are real and negative, say 

Ai{-ujj) =0, > -ujo > -t^i > ••• -oo. (6.12) 

6.3.1 Proof of Lemma 12.51 

Proof. Let A; > be fixed. For x > write 

^ihDy)uix,y) = j^^^, I e^'^/'^Az{xh-'/'\v\'/' - ^,)^(r/)^(|)dr;. (6.13) 

The change of variables x = h'^^^C reduces the proof to the verification of the following 
inequality 

\\MhDy)ip\\Lr(^^a-i) < \\ij{hDy)u{h^/'^C, •)IIl'-(R+xR'^-1) < \\MhDy)ip\\Lr(^^,-iy (6.14) 

Since ip is (compactly) supported away from 0, let supp(^/') C {0 < |?7o| < Ivl ^ I'?!!}- 
j e {0, 1}, let ej > be fixed and set Co = (t^fc - + £0)1^70 T^''^, Ci = (^fc + 1 + ei)|77i|^^/^. 
• For ( G [Co)Ci] have, by Proposition 16.51 

-^0 < -^0 + eo = Col^oP^^ -uJk<z = C|r/p/^ - ujk < Cil^iP^^ - Uk = 1 + e^. 

For these values of the argument z G [— cuo + ^o? l + ^i]) Ai{z) is positive, bounded from 
above and below which immediately yields, together with the assumption ipi = ipipi 

2 

\\i/ji{hDy)ip{hDy)ip\\Lr(^M.''-^) < Ci\\'^{hDy)u{h^C, .)IIl'-([Co,Ci]xir''-i)) (6-15) 



sup^ |V'i(r?)| 



inf^g[_^,+,,,i+,^] \Ai{z)\ 
consequently 

2 

\\^i{hDy)(p\\Lr^^d-i) < Ci\\ij{hDy)u{h-iC, •)IIl-({o,oo)xr<^-i)- (6.16) 
On the other hand, since Ai{z) is bounded for 2; G M, we obtain, since ip = 11)11)2 

2 

\\lp{hDy)u{h^C, .)||ir-((o,oo)xM'i-i) < C'2||^2(/i^y)'/^||L'-(M''-i), (6.17) 

where 

C2 = sup \ilj{r]) \ sup |Ai(2)|. 

ri z 

□ 
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6.4 U norms of the phase integrals associated to a cusp type 
Lagrangian 

Proposition 6.6. For t e [Ana^/"^ - 2a^/'^{l + cq), 4raa^/2 + 2a^/^{l + cq)], the L^'in) norm 
of a cusp u^it, .) of the form flS.lOp are estimated (uniformly in t) by 



\\ul{t,.)\\Lr(si) - \ ' - (6.18) 

From Proposition 16.61 we deduce the following 

Corollary 6.7. For t e [4na^/2 _ 2a^/'^{l + Co),4na^/2 ^ 2a^''^{l + cq)], i/ie U{n) norms 
of a cusp u'^it, .) satisfy 

• /or 2 < r < 4 

\\K{t,.)hr^n)^h'rH+^^-r"^)^ (6.19) 

K(0,.)|U.(f,)^/.i+i (6.20) 

• for r > 4 

||<(t,.)IU^(o)^/i^+^. (6.21) 
Proof. Let < n < ~ A/i" be fixed and let 

t e [4na^/^ - 2a^/^(l + cq), 4na^/2 + 20^/^(1 + cq)]. 
We compute the U'{Q) norms of 

<(t,X,y)= / e^to-(l+a)V^t+(-a)s+s3/3-|na3/^)^ 



where the symbol g^{.,ri,\) G iS[_co,c()](A/(n + 1)) defined in (13.81) is essentially supported 
for the first variable in [— Cq, Cq] and where r] close to 1 on the support of Notice that 
due to the translation y — s> (?/ — t(l + a)^/^ + ^na^^"^) and the change of variable x — > (a — x) 
we are reduced to estimate the norm of 



vj:{z,x,y) := / e^(^+V— )^"(z + _,ry,A)^(r;)cis(ir/, 

for 2r = 2(i_|_Q)i/2ai/2 — 2n G [— (1 + Cq), 1 + Cq]. We distinguish several regions: 

• For |a;| < MK^/^ where M is a constant, we make the changes of variables x = C^h^f^ 
and s = h^/^u which gives 



I{z, X, r/, h) := I e^(^-^")^"(2 + h-^^^s, r/, X)ds (6.23) 



6 APPENDIX 39 



Let Q(C, u) = ^ - (u and for ^ : R ^ [0, 1], set 

F,(^/;,C,^,/i) = J e™^v^(ry)/e(C,r/,^,/i)dr/, (6.24) 

/e(C, V, z,h) = j e*'"3(^'")^(M)^"(z + h'/^-^^\, rj, \)du. (6.25) 
We make integrations by parts in order to compute 

w'Fe{wX,z,h)=i' f e™^aJ(v^(r/)/e(C,r/,^,/i))rfr/, 



j=0 

Let 6[u) = ^\u\<^/T+M- Since we integrate for r/ in a neighborhood of 1, for all > 
we estimate 

\\w''Fgiw,C,z,h)\\L^ < (6.26) 
J^Ci sup \Q{C,u)\'-^ [ Idi^g'^iz + h'/^-'/\,7],X)\d7] < Ck,M, 

j=0 |«|<v^l+M J 

where Ck,M are constants and where we used the fact that g"- writes as a convolution 
product g'^{z,ri,X) = (F^a)*" * and the derivatives in -q of (F^a)*" were 

computed in Lemma | 



For vT+M < \u\ < h2 3 we integrate by parts using the operator L = q which 
satisfies L(e*'''^) = e""^^ . If we denote, for fixed fc, j G {0, .., k} 

Ql'' := {l-e{u))Q''-'dl^g^{z + h}/''-"\,i^,X), 
and for / > 0, Q^+i = •^^(■g^), then we can write 

j L'(e^''«)(l - e{u))Ql'Uu = tl^! j e^'^^Q'^'^du, (6.27) 

where 

= X]4™(C,f^"(^ + -,^,A))|n|3('=-^)-3'+-/z-(^i), 

m=0 
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where cf^ depends on the derivatives d\^'^di^(f'{z + .,?7, A). The principal term is 
obtained for j = and m = and it equals It's enough to take I = 2k to 

obtain similar bounds for \\w^Fi^o{wX)Z,h)\\L'^ as in f l6.26p . We find 



Jy Jo 



= h'/'^^'/^F^{w,C,z,h)hr(c<M,u,) ^ h'/'^+'/\ (6.28) 

For X e {Mh'^/'^, A] with M > 1 big enough we apply the stationary phase theorem: 

Proposition 6.8. (l^ Thm.7.7.5]) Let K ^ ^ he a compact set, f e C^{K), 
(j) e C°°(A') such that 0(0) = <p\Q) = 0, (/)"(0) ^ 0, (j)' ^ zn K \ {0} . Let > 1, 
then for every k > 1 we have 

Here C is hounded when (j) stays in a hounded set in C°°{K), \u\/\(f)'{u)\ has a uniform 
hound and 

where k{u) = (j){u) — 0(0) — ^-y^u^ vanishes of third order at 0. 

We make the change of variable s = ^/x{±l + u) to compute the integral in s in 
the expression of Vh- Using Proposition 16.81 with (j)±{u) = ^ ± u^, u; = rj^^ ^ 1, 

^±('w) = we write I{z,x,ri,h) as a sum I{z,x,ri,h) ~ J2±j>o^±i^y^yV:^)y 

where 

li{z,X,V,h) := (z7r)l/2^1/2+i^-l/2-,gT|.r,x3/Vh^-l/4-3i/2^ 

X L,(f?"(z + /i-iv^(±l + n),r/,A))|„=o. (6.31) 
We compute each norm of / e^'^{ri)I^{z, x^rj, h)dri: 



e 1^ '^{r])Ii{z,x,r],h)dr]\\Lr^^^^Mhy-i,A],y) - 



(6.32) 

Using again the fact that Q^{z,ri,\) = (F^a)*" * (f{-,^){z) we introduce the map 
F'^'^{z,r]) := \1/(?7)?7~^/^~-'(F^a)*"(^) which is compactly supported in 77; if F"-'^{z,.) 
denotes its Fourier transform with respect to rj, (16.320 reads 
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Setting y = hw, x = h^^^C, and translating w w=f|C^''^ we can estimate from above 
and from below each one of the above norms. For j > 0, Lj is a differential operator 
of order 2j and each derivative on g gives a factor ^/x/h^/"^ < 1. We estimate the U 
norm of j e~^'^{j])I{z, x, ?7, h)dr] from above and from below by the sum over j of 

(<7/^r-(l/2+j+5/3r-l/6-i) / ^-r(l/4+3i/2)^^ 
J M 

where C > are constants, and since the operators Lj are of order 2j, for each j there 
will be 2j terms in the sum: summing up over j > (taking M > 2 for example) 
and using the assumption G iS[_co,co](A/ {n + 1)) which assures uniform bounds for 
the derivatives g'^{.,ri, A) for each n,j > 0, we obtain for r > 4 



jM 



l-r(l/4+3j/2) 



.^^ (r(l/4 + 3j72)-l)' 

and taking M >2 sufficiently big we can sum over j and we deduce fl6.28p for r > 4. 
For r G [2, 4) and j = we have r/4 — 1 < and 

/•A/i-2/3 ^ 4 L-2/3Nl-r/4 

^r(l/2+5/3r-l/6) / ("'"/^^^^ ^ '^^^^ ^ 

Af 1 - r/4 

For r G [2, 4) and j > 1 we have r(l/4 + 3j/2) - 1 > and 

/.Ah-2/3 /i^l-r(l/4+3j/2) 
^r(l/2+j+5/3r-l/6-i) / ^-r(l/4+3i/2)^^ 



M r(l/4 + 3j72)-l- 

If M > 2 is sufficiently large the sum of the U norms over j > is small compared 
to the norm for j = 0, hence f l6.28p follows for r G [2, 4) too. 

In the last case x > a the L^{Q) norms are as small as we want since the contri- 
bution of in this case is OL^{h°°), because this region is localized away from a 
neighborhood of the Lagrangian A$,^ and we use Lemma 14.21 

□ 
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